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Finite Plane Deformation of a

Thick-Walled Cylinder

M P BientEx* AND M SHINOZUKA T
Columbia Univer sity, New York, N Y

HOLLOW cylinder of internal radius a¢ and external
radius b, bonded to a thin shell of thickness A and sub-
ject to internal pressure, is considered under the state of-
plane strain (Fig 1) The material of the cylinder is as-
sumed to be nonlinear elastic solid with strain energy func
tion of arbitrary form
F yThe analysis of stresses and strains is performed under the
assumption that the deformation of the cylinder is finite,
ie, that the principal extensions, displacements, and dis-
placement gradients are not small in comparison with unity
The general relations of the theory of finite deformations
may be found, for example, in Refs 1-4 For the problem
dealt with in this note, the cylindrical coordinates r, ¢, and
2 are taken as the material coordinates z (o = 1, 2, 3):

r=r = ¢ =z M
T he spatial coordinates & (k = 1,2, 3) are
B =F=r+u B2 =¢ =z (2)

where u is the radial displacement
The covariant components of the material strain tensor
can be expressed by

2w = (W b+ Una + Ui ) (3)

where the vertical bar denotes covariant differentiation, and

summation is indicated by repeated indices  For the present
problem,
M2—1 A — 1
en = “Az) €95 = 72 (_22_) ess =0 (4)

where \; = 1 + Ou,/0r and \: = 1 4+ u /r satisfying the
compatibility condition

dho/dr = (1/7r (A — o) (5)

The strain energy function W is a function of the three
invariants of the material strain tensor of the form

J1 = e.° Jo = eyeqd Jz = e, ebe, (6)
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Fig 1 Thick-walled cylinder

The contravariant components of the spatial stress tensor
can be expressed by

AW oz dF!
degy 02 Oxb

pro=J7! (M
where J = det|8 + u | 5| = MA: for the present problem
and the deformation gradients 0#%/dze follow immediately
from Eqs (1) and (2)

The physical components of stress oy can be given in
terms of p* as follows:

o= o, = p! = MW,

Oy == 09 = 72 = rI\TINW, 8

o3 == 0, = p3% = NI
where the quantities W, = 0W /¢, (no summation on a)
are equal to the corresponding components of the material
stress tensor !

The equations of equilibrium in terms of the strain-energy
function W are

oW
aeab

(& +us)a=0 9

For the problem under consideration, there is only one
nontrivial equation of equilibrium, which is, after some
manipulation, obtained from Eq (9) in the form

d 1
s (Wiky) + = Wiy — rWaks = 0 (10)
r r

Performing the differentiation with respect to r and sub-
stituting Eq (5), Eq (10) is solved for d\,/dr:

(oW -

E;__(GKIA1+W1> X
W, 1 1
SISO — MM - W — e WA | D)
a)\z r T

Equations (5) and (11) represent a system of two differ-
ential equations well suited for numerical analysis These
equations are easily integrated for A; and A, with the aid of
an electronic digital computer The two conditions at r =
b which determine the initial values of \; and As are obtained
by prescribing the radial displacement of the shell 4 and by
computing the corresponding pressure on the shell (Fig 1)
Since the deformation of the shell is smaller than the deforma-
tions in the cylinder and can be assumed to be infinitesimal,
the approximate value of the hoop stress ¢ in the shell is
o = Eu/b(1 — v?); hence the pressure p on the intersur-
face between the shell and the eylinderis

E: h wu,

P bbb 4w (12)

where E and » are Young modulus and Poisson ratio of the
shell
Thus the two conditions at r = b are

Ne=1+u/b (13)
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Fig 2 Distribution of radial stress

and, from Eqgs (8) and (12),

B, b
1—v2bb+4+u

)\1)\2“1147i = (lél)

In this formulation of the problem, the corresponding
magnitude of the internal pressure is obtained by calculating
onatr = @ Therefore, stresses and strains under a specified
internal pressure are obtained by trial-and-error method in
which Egs (5) and (11) should be integrated for trial values
of u until the computed internal pressure is found to be
close enough to the specified value

In the present analysis, it is also possible to include cer-
tain nonhomogeneous materials for which the strain-energy
function W depends on 7 explicitly, and not only through A,
and X\; This can be taken into account during the differ-
entiation with respect to r in Eq (10)

The following form of W has been considered purely for the
purpose of illustrating the presented method of analysis;
the strain-energy function fails to reproduce certain funda-
mental physical relations such as the A; — A, relation under
simple extension observed in experiments’:

W = CiJ:2 + CoJ; (15)

The linearized problem corresponding to Eq (15) has also
been considered where the Lamé constants A = 2C; and
u = (s are used for the generalized Hooke’s Law with ¢ =
Ou,/or and €p = u./r

For numerical computations, the following quantities are
introduced as parameters:

Us s Es }ﬂ

I _ _G
b 1 —v» 02 P 02
where p = 20,y = 20,6 = 10, and « = 001 or 003 are
used for numerical integrations The choice of v = 20
implies that the Poisson ratio for infinitesimal deformation
is04

The results are shown in Figs 2 and 8 For comparison,
the linearized solutions are also plotted in the same diagrams
with designation II whereas the curves corresponding to
Eq (15) are designated by I
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Fig 3 Distribution of tangential stress
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The displacement gradients 0w /0r corresponding to Eq
(15) are equal to 008 at 7 = aand 0024 at r = b for @ =
001,and 033 atr = gand 0078 at r = b for a« = 003
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Effect of Diameter upon Eléstic
Properties in Thin Fibers
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Introduclion

HE use of thin fibers in composite materials is of con-
siderable interest for a variety of applications BEx-

amples for the potential value of filamentary composites
are the remarkable mechanical properties of filament-wound
structures made from endless, thin glass fibers bonded with
various organic resins These properties result, in part,
from the size effect (increase in strength observed in thin
glass fibers as compared to the bulk strength of glass), com-
bined with an effective crack barrier function of the bonding
material

Major limitations of those materials are their relatively low
elastic modulus and their low temperature resistance

Counsiderable effort in government-sponsored research and
development is expended at the present time to produce fibers
of increased stiffness and temperature resistance , Princi-
pal difficulties encountered in these efforts are 1) the forma-
bility of refractory materials is notably poor, and 2) there
appears to be little hope for the development of an economical
process producing large quantities of nonmetallic fibers of
useful length from any other than “glassy” states of materials
Glassy states, however, are normally of lower stiffness and
temperature resistance than crystalline modifications of the
same material Many refractories can be formed into
glassy compounds (berillia, borides, etc) If the size effect
in those materials can be controlled and exploited, thin fibers
made of refractory “glasses” may be expected to provide
significant advances in the state of the art of structural
materials  Thus, the penalties incurred in using glassy states
for reasons of formability may be partially or fully com-
pensated by the strengthening effect of small dimensions

A study of the size effects in glass fibers upon elastic (struc-
ture-dependent) properties appears worthwhile from two
points of view: it may lead to a better understanding of the
mechanisms that manifest themselves in the observed size
effects on strength and temperature resistance in thin fibers,
and the results of such a study may lead to useful guidelines
in orienting the search for improved filamentary materials
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